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Abstract 

In we computed the edge Folkman number F{3, 4; 8) — 16. There we 
used and announced without proof that in any blue-red coloring of the edges 
of the graph Ki + C5 + C5 + Cs there is either a blue 3-clique or red 4-clique. 
In this paper we give a detailed proof of this fact. 
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1 Introduction 

Only finite non-oriented graphs without multiple edges and loops are considered. 
We call a p-clique of the graph G a set of p vertices each two of which are adjacent. 
The largest positive integer p such that G contains ap-clique is denoted by cl(G). A 
set of vertices of the graph G none two of which are adjacent is called an independent 
set. In this paper we shall also use the following notations: 

• V{G) is the vertex set of the graph G; 

• E{G) is the edge set of the graph G; 

• N{v), V £ V{G) is the set of all vertices of G adjacent to v; 

• G[V], V C V{G) is the subgraph of G induced by V; 

• x(G) is the chromatic number of G; 

• Kn is the complete graph on n vertices; 

• G„ is the simple cycle on v vertices. 

The equality G„ — V1V2 ■ . ■ w„ means that V{Cn) ~ {wi, • . ■ , Vn\ and 
E[Gn) = = 1, . . . ,n - 1} U {[wi,!;,!]} 
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Let Gi and G2 be two graphs without common vertices. We denote by Gi +G2 
the graph G for which V{G) = V{Gi) U ¥{€2) and E{G) = E{Gi) U E{G2) U 
where = : x G V{Gi),y e V(G2)}. 

Let G and H be two graphs. We shall say that H \s a. subgraph of G and we 
shall denote iJ C G when V{H) C V{G) and C E{G). 

Definition 1.1. A 2-coloring 

E{G)=Ei\JE2, EinE2=<Ii, (1.1) 

is called a blue-red coloring of the edges of the graph G (the edges in Ei are blue 
and the edges in E2 are red). 

We define for blue-red coloring and for an arbitrary vertex v G V{G) 

N,{v) = {xeN{v)\[v,x]eE,}, 1 = 1,2; 
G,;(«) = Gmv)]. 

Definition 1.2. Let iJ be a subgraph of G. We say that iJ is a monochromatic 
subgraph in the blue-red coloring if E{H) C Ei or E{H) C E2. li E{H) C Ei 
we say that _ff is a blue subgraph and if E{H) C E2 we say that H \s& red subgraph. 

Definition 1.3. The blue-red coloring 1)1. l|l is called (p, (;)-free, if there are no blue 
p-cliques and no red g-cliques. The symbol G — > (p, q) means that any blue-red 
coloring of E{G) is not (p, g)-free. If G ^ (Pi?) then G is called edge Folkman 
(p, 9)-graph. 

Let p, q and r be positive integers. The Folkman number F{p, q; r) is defined 
by the equality 

F{p,q;r) = iam{\V{G)\ : G {p,q) and cl(G) < r}. 

In 2] Folkman proved that 

F{p,q;r) exists r > max{p, g}. 

That is why the numbers F{p, q; r) are called Folkman numbers. Only few 
Folkman numbers are known. An exposition of the results on the Folkman numbers 
was given in [Sj. In jSI we computed a new Folkman number, namely -F(3, 4; 8) = 16. 
This result is based upon the fact that Ki -t- G5 -I- G5 -|- G5 (3,4), which was 
announced without proof in 6 . In this paper we give a detailed proof of this fact. 
So, the aim of this paper is to prove the following 

Main Tiieorem. Let G ^ Ki + G^^' + Gf + G^ \ where g|^\ cf\ G^ are 
copies of the 5-cycle G5. Then G (3,4). 
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2 Auxiliary results 

Lemma 2.1. Let E{G) — Ei U E2 be a (3,4)-/ree red-blue coloring of the edges of 
the graph G. Then: 

(a) Gi{v) is a red subgraph, v G V{G); 

(b) {E{G2{v))r\Ei)[j{E{G2{v))r\E2) is a (3,3)-/ree red-blue coloring ofE{G2{v)), 
V e V{G). Thus G2{v) 74 (3,3). 

Proof. The statement of (a) is obvious. Assume that (b) is not true. Than, since 
there is no blue 3-chque, G2(v) contains a red 3-chque. This red 3-chque together 
with the vertex v form a red 4-chque, which is a contradiction. □ 

Corollary 2.1. Let E{G) ^ Ei Li E2 be a (3,4)-/ree blue-red coloring of E{G). 
Then: 

(a) cl(Gi(t;)) < 3, w e V{G); 

(b) c\{G2{v))<h,v(^V{G); 

(c) G2{v)lK^ + C^,veV{G). 

Proof. The statement of (a) follows from Lemma lTlT a'). The statements of (b) and 
(c) follow from Lemma EHb) , since Kq (3, 3), g] and i^s + ^5 ^ (3, 3), P]. □ 

Lemma 2.2 ([5j). Let G ^ C5 + H, where V{H) = {x,y,z} and E{H) = 
{[x,y\,[x, z]} . Let E{G) = Ei U E2 be a (3,3)-/ree blue-red coloring of E[G). 
Then H is monochromatic in this coloring. 

Lemma 2.3 ([3 ). Let G = C5 + K2 and E{G) = E1UE2 be a (3, 3)-/ree blue-red 
coloring of E{G) such that E{C^) C Ei. Then E{K2) G E,. 

Lemma 2.4. Let G = Ki + ' + c|^^ + cf \ where C^^\ C^^\ cf ^ are copies 
of the 5-cycle C5 and V{Ki) = {a}. Let E{G) = Ei U E2 be a blue-red coloring of 
E(G) such that cl(Gi(a)) < 3 and 6*2(0) (3,3). Then, up to numeration of the 

5-cycles C^^\ Cg^"* and Cg^"* we have: 

(a) Ni{a) D F(C^^') and Ni{a) n ^) is an independent set; 

(b) N2{a) D V{G^5^^) and N2{a) n F(cf ^) is not an independent set. 

Proof. Let G^^^ — V1V2V3V4V5, Cg^"* — uiU2U3UiU5 and G^^^ — wiW2W3WiW5. We 
shall use the following obvious fact 

X(C5) = 3. (2.1) 

It follows from (|2.1|l that 

iVi(a) n V{C^'^) or iV2(a) n V{C^'^) is not an independent set, i = 1, 2, 3. (2.2) 
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By and Corollary O^b), at least one of the sets N2{a) D F(C^'^), i ^ 1,2, 3, 

is an independent set. Thus, at least one of the sets Ni(a) Ci F(Cg'^), i — 1,2, 3, is 
not an independent set. Without loss of generality we can assume that 

Ni{a) n V{ci,^^) is not an independent set. (2.3) 

It follows from Corollary EIHa) and (ESJl that Ni{a) D V{cP) = or Ni{a) D 
V{CP) = 0. Let for example Ni{a) n V"(cf ^) = 0. Then 

iV2(a)Dncf ). (2.4) 

We have from and CoroUary EJ^a) that Ni{a) n F(cf ') is an independent 
set. Thus, it follows from H2.1|l that N2{a) n ^(Cg^-') is not an independent set. 
This fact together with lE3|l and CoroUaryO;c) give us that ^¥2(0) nF(C^^^) = 0. 
Hence, Ni{a) 3 V{C^^^). The Lemma is proved. □ 

Lemma 2.5. Let G = Ki + ^ + ^ + cf ^ where i = 1,2, 3, are copies 
of the 5-cycle C5. Let E[G) ~ EiU E2 be a blue-red coloring such that some of the 
cycles C'^^\ C'g^^' is not monochromatic. Then this coloring is not (3,4)-/ree. 

Proof. Let V{Ki) — {a}, Cj^^ = V1V2V3V4V5, C^'^^ — U1M2U3M4M5 and Cg'^^ — 
W1W2W3W4W5. Assume the opposite, i.e. E{G) — Ei \J E2 is (3,4)-free. Then by 
CoroUarv 12. If a) we have cl(G'i(a)) < 3 and by Lemma [2.ir b^ we have G2{a) 
(3,3). Thus, according to Lemma 12.41 we can assume that 

Nx(a) D F(C^^') and Ni{a) fl V{CP) is independent; (2.5) 
N2{a) D V"(cf ^) and N2{a) n F(cf ^) is not independent. (2.6) 

It follows from ()2.5|l and Lemma r2.1f a'l that 

E{C^''^) C E2. (2.7) 

We have from the statement of the Lemma 2.5 that at least one of the cycles C5 , 
i = 1,2,3, is not monochromatic and since E{C^^^)CE2it remains to consider the 

following two cases: 
(2) 

Case 1. Cg is not monochromatic. Let for example [^1,1*5] G Ei and [mi,U2] G 
i?2- If ui,U2,U5 e N2{a) by (|2.6|l we have 6*2(0) D C2^^ + G[ui,U2,U5]. It follows 
from Lemma |2 . 21 that 6*2(0) contains a monochromatic 3-clique. This contradicts 
Lemma [2. If bl. So, at least one of the vertices ui, U2, belongs to Ni{a). There- 
fore, we have the following subcases: 

Subcase la. ui G Ni(a). Since there are no blue 3-cliques it follows from (|2.5I) 
that 

N2iu,)DV{Ci'^). (2.8) 
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As [ui,a], [wijUs] G El and c1(Gi(mi)) < 3 (see Corollarv l2.1f a)). the set Ni{ui) n 
^(Cj^'') is independent. Therefore, N2{ui) nF(Cg'^^) is not independent. This fact 



together with [ui, U2] G E2 and (|2.8|l give us G2(ui) D K:i + C^^\ which contradicts 
Corollary EUc). 

Subcase lb. U2 G Ni{a) and ui G N2{a). Since there are no blue 3-cliques it 
follows from (|2.5|l that 

N2{u2)DViCi,'^). (2.9) 

If N2{ui) nV (c!^^'' ) contains two adjacent vertices then these vertices together with 
Ml and U2 form a red 4-clique according to (|2.7I) and H2.9|) . Hence, N2{ui)r]V{C^^^-') 
is independent and, therefore, Ni{ui) n V{C^^^) is not independent. Since G 
iVi(Mi) and c1(Gi(mi)) < 3 (see Corollary EUa)) we have Ni{ui) n V{C^^^) = 0. 
Hence 

iV2(ui) DT/(Gf^). (2.10) 

By (ESJ) and l(TTn)l 

F(cf^) CiV2(Mi)nAf2(a). 
Since [a, ui] £ E2 and there are no red 4-cliques we obtain that 

E{cf^)'ZEi. (2.11) 

As there are no blue 3-cliques from (|2.11l) it follows that Ni(u2) n V{cf^) is in- 
dependent. Therefore, N2{ui) fl V{cf'^) contains two adjacent vertices. This fact 
together with [ui, U2] G E2 and (|2.9|l give us 62(^2) D A'a + Cg^'', which contradicts 
Corollary EUc). 

Subcase Ic. G Ni{a) and ui, U2 G N2{a). Since a, U2 G iV2(ui), it follows from 
CorollarylOb) that at least one of the sets A^2(wi)nF(Gf ') and N2{ui)nV{C^^^) 
is independent. Hence at least one of the sets Ni{ui)nV{C^^^), Ni{ui)r\V{C^^^), 
is not independent. Assume that Ni{ui) n V{C^^'') is not independent. This fact 
together with M5 G Ni{ui) and Corollary |OJ a) imply 

N2{ui) D V{C!^'>). (2.12) 

As [a, ui, U2] is a red 3-clique and [a, ui, U2, Wi] is not a red 4-clique, z = 1, . . . , 5, 
it follows from (|2.6I) and (|2.12l) that [u2,Wj] G i = 1,...,5, i.e. Ni{u2) D 
y(cf ^). We have from LemmalCTa) that -E(cf ^) C E2. Thus, according to 
and (|2.12() . the vertices a and ui together with two adjacent vertices of Cg^"* form 
a red 4-clique, which is a contradiction. 

Let us now consider the situation when A^i(ui) n V{C^ ) is not independent. 
Corollary 12. If a) and U5 G Ni{ui) imply 

N2{ui) D V{Ci'''>). (2.13) 
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UN2{ui)r\V{Cf') ^ then from a, ui e N2{ui) and (|TT^ it follows that 02(^1) D 

K3 + C^^\ which contradicts the Corollary EUc). Hence A^2(ui) H V"(cf' ) = 0, 
i.e. 

7Vi(ui)DCf^ (2.14) 
Since there are no blue 3-cliques we obtain from 12.14|l and Lemma [OJa) that 

E{CP) C E2. (2.15) 

If N2{u2)r\V{C^^^) is not independent then according to (|2.6() and (|2.15() an edge in 
iV2(w2)nF(cf ^) together with a and U2 form a red 4-clique. Let A^2(u2)ny(Cf ^) 
be independent. Then Ni{u2) H V^(C5 ) is not independent. Thus, it follows from 
CoroUaryinHa) that iVi(M2) n F(C^^^) is independent and iV2(w2) n F(C^^^) is not 
independent. Then an edge in N2(u2) n ^(Cg^^) together with the vertices ui and 
U2 form a red 4-clique, according to (|2.7|) and (|2.13|l . which is a contradiction. 

Case ^. C5 is not monochromatic but C5 is monochromatic. Without loss 
of generality we can assume that [u'i,W5] G Ei and [wi,W2] £ i?2- Since a,W2 G 
N2{wi) it follows from Corollary I2.ir b') that at least one of the sets N2{wi) D 
^(Cg^^) and N2{wi) Pi ^(Cg^^) is independent. Hence at least one of the sets 
iVi(wi) n V^(cf ^), Ni{wi) n V^(cf ^) is not independent. We shall consider these 
possibilities: 

Subcase 2a. Ni{wi) HV (C^^^) is not independent. Since [wi, wg] £ Ei it follows 
from Corollary inia) that A^i(u;i) n F(Cf ^) = 0, i.e. 

N2{wi)DV{cP). (2.16) 

By Lemma l2.ir b') 02(^1) does not contain a monochromatic 3-clique and 62 (wi) D 

(2) (2) 
Cg + [a,W2]- Since Cg is monochromatic and [a,W2] £ E2, it follows from 

Lemma 12.31 that 

E{ci^^) C E2. (2.17) 

We see from (12. 6f) . (|2.16|) and (|2.17|) that the vertices a and wi together with an 

(2) 

edge of Cg form a red 4-clique which is a contradiction. 

Subcase 2b. Ni{wi) nV{C^ ) is not independent. Since wg G iVi(u'i) it follows 
from Corollary 12. iT a) that 

N2iw,)DVici,''^). (2.18) 
Corollary ITTTc^ and C2(wi) D cf ^ [0,^2] = i^2 + C^^^ imply 

iVi(«;i) DT/(cf ). (2.19) 

LemmalOJa) and H2.19|l give 

£;(cf ^) C E2. (2.20) 
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Since there are no blue 3-cliques and [wijWs] G Ei it follows from H2.19|l that 

iV2K) 3 V^(cf ). (2.21) 
We see from (I2.6f) . (I2.20|) and H2.21|l that the vertices a and wc^ together with an 

(2) 

edge of Cg ' form a red 4-clique which is a contradiction. □ 

3 A property of the graph C5 + C5 + C5 

Let G = C^^' + C^^^ + Cf ^ where C^'\ z = 1, 2,3, are copies of the 5-cycle C5. 

Let us consider the blue-red coloring where Ei = E{C^^^^) U i;(cf ^) U i^(cf' ). It 
is clear that this coloring is (3,4)-free. Thus G 7^ (3,4). However the following 
theorem holds: 

Theorem 3.1. Let G = C^^^ + + cf ^ w/iere C^'\ i = 1,2,3, are copies of 
the 5-cycle C5. Let E{G) ~ EiU E2 be a blue-red coloring such that E{c'^^) C E2, 
E{CP) C El and E{Gf^) C Ei. Then this coloring is not {3,A)-free. 

Proof. Assume the opposite, i.e. that there are no blue 3-cliques and no red 4- 

cliques. Let ci^^'' — V1V2V3V4V5, Cg^"* = U1U2U3U4U5, C^^^ — W1W2W3W4W5. Since 
(2) (3) 

the cycles C5 and C5 are blue and there are no blue 3-cliques we have that the 
sets Ni{v,) n F(cf ') and Ni{v,) n V{c!^^^) are independent. Thus, we have 

\N2{v,)nV{CP)\>3, |iV2(«,)nl^(cf )| >3, z = l,...,5. (3.1) 

It follows from (|3.1|l that 

N2{x)nN2{y)nV{ci'^)^9, 1=^2,3, x,yeV{ci'^). (3.2) 

Let x,y£ ViC^'^^). We define 

Bi{x,y) = {ve V{CP) I [x,vl [y,v] G E2}, 
B2{x,y) ^{ve F(cf ) I [x,v], [y,v] G E2}. 

We see from (|3.2|l that 

B,(x,y)y^0, i = l,2, x,yGF(Cl'^ (3.3) 

We shall prove that 

If [x, y] G E{C^^'') then B,(x, y) is independent, i = 1, 2. (3.4) 

Assume the opposite and let for example u',u" G Bi(x,y) and [u' ,u"] G 
£■((75 ). By H3.3|) there exists w G B2{x,y). Since there are no blue 3-cliques 
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then at least one of the edges [u'^w], [u",w] is red. Hence [x,y,u',w] or [x,y,u" ,w] 
is a red 4-clique, which is a contradiction. 

(2) 

Let u' and u" be adjacent vertices in Cg . Since [u', u"] £ Ei and there are no 
blue 3-cliques we have 

Ni{u') n Ni{u") nv{d^''^) ^ 9. 

Thus \Ni{u') n V"(C5^^)| < 2 or \Ni{u") n V"(cf ^)| < 2. Hence 

liVaK) n ')| > 3 and liVzK') n ^)| > 3. (3.5) 

So, H3.5|l holds for every two adjacent vertices in Cg^"*. Hence \N2{u) nT^(C5^')| > 3 
holds for at least three vertices in Cg . Thus, there exist two adjacent vertices in 

(2) 

Cg , for example ui and U2, such that 

\N2iu1) n ViCi,^^)\ > 3 or \N2iu2) n vici,^'^)\ > 3. (3.6) 

If the both inequalities in (|3.t)|l are strict then N2{ui) fl iV2(w2) H ^(Cg^^) contains 
two adjacent vertices v' and w". Since ui,U2 £ -B(w', w") then this contradicts 1)3. 4|l . 
Thus, we may assume that |Af2('"i)nF(C5"^'')| = 3. Hence N2{ui)r]V{C^^^) contains 
two adjacent vertices, for example and v^. Now we shall prove that the third 
vertex in N2{ui) fl V{Ci^^^) is the vertex vi. Assume the opposite. Then V2 £ 

N2{ui) n V{CP) or V5 e N2{ui) D F(cf ^). Let e A^2(wi) n V^(cf ^). Then 
vi,V5 £ iVi(Mi). Since t;i,t;5,M2 £ A^i(ui) it follows from CoroUarv I2.ir a') that 
iVi(Mi) n V^(cf ^) = 0. Thus, 02(^1) contains cf ^ + [^;3, W4]if2 + C5. According to 
Lemma lTTT b') 6*2(^1) does not contain monochromatic 3-cliques. As £{0^^"^) C Ei 
and [w3,W4] £ E2, this contradicts Lemma 12.31 We proved that V2 ^ A^2(wi). 
Analogously we prove that U5 ^ N2{ui). So, 

wi, U3, W4 £ A^2(wi) and W2, W5 e A^i(wi)- (3.7) 

By (|3.3|) we can assume that wi £ i?2(w3,W4). Since [v3,V4,ui,wi\ is not a red 
4-clique we have 

[ui,wi]€Ei. (3.8) 

As there are no blue 3-cliques and [wi,W2], [wi,W5] £ Ei, it follows that [wi,V2], 
[wijV^] £ i?2. Taking into consideration wi £ B2{v3,V4) we have 

[wi,v,]eE2, 2,3,4,5. (3.9) 

By (|3.3|l there is w £ i?i(u2,W3). Since [w2,wi] £ -Ei then w 7^ ui. We shall prove 
that M = U3 or u = U4. Assume the opposite. Then u = W2 or u = M5. Let, for 
example, u — U2. Since [w2, W3, M2, wi] is not a red 4-clique, it follows from (|3.9|) 
and U2 £ Bi{v2,V3) that [m2,u)i] £ We obtained the blue 3-clique [ui,U2,wi\ 



8 



which is a contradiction. This contradiction proves that u — or u — u^. We can 
assume without loss of generahty that u ~ u^. We have 

[u3,wi]eEu (3.10) 

because [v2,V3,U3,wi] is not a red 4-clique. By 13.311 there exists u 6 Bi{v4,v^). 
Repeating the above considerations about u G Bi{v2,V3) we see that u = U3 or 

u = U4. 

Case 1. u — U4. Since [v4, v^, wi, U4] is not a red 4-clique, we have [1*4, wi] € Ei. 
Hence [ua, U4, wi] is a blue 3-clique, which is a contradiction. 

Case 2. u — U3. In this case we have U3 G Bi(w2, fs) H Bi(vi, V5), i.e. 

[u3,v^]eE2, i = 2,3,4,5. (3.11) 

As [ui,Wi,U3] is not a blue 3-clique, it follows from H3.10|l that [ui,M3] G E2 or 

[vi,wi] e E2. 

Subcase 2a. [^1,^3] G E2- By l|3.11|l ^^2(^3) D Cg^^. Since there are no blue 
3-chques N2{u3) contains two adjacent vertices w',w" G V{C^ ). Thus 6*2(^3) D 
Cg"'^' -I- [w',?/;"]. By Lemma [2.1f b') G'2(w3) contains no monochromatic 3-cliques. 
This contradicts Lemma [2 .31 because i?(Cg^'') C E2 and [w',w"] G E'l. 

Subcase 2b. [vi.wi] G i?2- By H3.9|l we see that N2{wi) D V{C'^''). Since there 
are no blue 3-cliques N2{wi) contains two adjacent vertices u', li" G 

F(Q 0- Hence 

N2{wi) D Cg^^ -I- which contradicts Lemma IT^ 

The theorem is proved. □ 



4 Proof of Main Theorem 

Let Cg"'^' = W1W2W3W4W5, Cg^"* = M1M2U3W4U5, Cg'^'' — u> 1 ?i;2 ^3 u'4U'5 and F(-f4'i) = 
{a}. Assume the opposite, i.e. there exists a (3,4)-free blue-red coloring Ei U E2 
of the edges of Ki + ^ -I- ^ \ By Lemma O we can assume that: 

Ni{a) D F(C^^^) and Ni{a) n V{C^^'>) is independent; (4.1) 

A^2(a) D ^(Cf ^) and ^¥2(0) fl F(cf ^) is not independent. (4.2) 
We shall prove that 

E{C'^'^)<ZE2, i = l,2,3. (4.3) 

By H4.1|l and Lemma [TTT al. E{C'^'') C £'2. According to Lemma 1^31 each of 
the 5-cycles Cg^' and cf^ is monochromatic. By (|4.2|) 6*2(0) D Cg'^'' 4- e where 

f 2I ____ 

e G -^(Cg ). By Lemma ITTT b') 6*2(0) contains no monochromatic 3-cliques. Thus, 

it follows from Lemma lT^ that the edge e and the 5-cycle Cg'^^ have the same color. 
(2) (3) 

Therefore, the 5-cycles Cg and Cg are monochromatic of the same color. Thus, it 
follows from Theorem O that E{c'i'') $ Ei and ^^(cf ^) $ Ei. We proved B31l . 
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Now we shall prove that 

iV2(a) = y(cf )un^^f ). (4.4) 

Assume the opposite. Then it follows from that iVi(a) n V{cP) ^ 0. Let for 
example ui £ N\(a) n V(cf^), i.e. [ui, a] ^ Ex- We see from H4.1|l that 

\a,U2\^E2. (4.5) 

As there are no blue 3-cliques by (|4.1|l and [ui, a] S i^i we obtain 

iV2(ui) dT/(c('^). (4.6) 

We see from Corollarv l2.ir a') that at least one of the sets N2iu2)C\V{Cf^), A^2(u2)n 
V(C^p) is not independent. If N2(u2) n Vic'^^'') is not independent then it follows 
from (|4.t)|) and (|4.3|) that the vertices u\ and ui together with an edge of 
form a red 4-clique. If A^2(u2) n V[cf^) is not independent then by 
and 1)4. 2|l the vertices a and it2 together with an edge of cf^ form a red 4-clique. 
This contradiction proves 1)4. 4|l . 

It follows from H4.4|l and Lemma [TTT b) that 

Cg + Cg contains no monochromatic 3-cliques. (4-7) 
Now we obtain from 14.71) and 14. 3|) 

Ni(x) n V^(cf ^) is independent, x G V"(Cf ^); (4.8) 
Ni{x) n F(cf ^) is independent, x G V^(cf ^). (4.9) 

Let us note that 

iVi(x) n Vicf^) is independent, x e V"(cf ^) U V"(cf ^). (4.10) 

Indeed, let for example x e V{cP). By (gSJ iVi(a;) n t^(cf ^) is not independent. 
This fact and Corollary [^^a) prove H4.10|l . 
We shall prove that 

Ni{x) n V{CP), X e F(cf ^) is not independent ^ N2{x) D F(cf ^); (4.11) 
Ni{x) n V^(cf ^), a; £ F(C^^^) is not independent N2{x) D V{C^^^). (4.12) 

The statements 14.1111 and (|4.12|1 are proved analogously. That is why we shall 
prove only. Let Ni{x) n V{cP), x £ V{ci,^^) be not independent. Since 

[x,a] G El, it follows from CoroUarvlTTTa) that Ni{x) Ci F(Cf ^) = 0, i.e. N2{x) D 
l^(cf ^). Let now N2ix) D T/(cf ^), x G V{cP). Assume that 7Vi(a;) n V{CP) 
is independent. Then N2{x) D V{C^^^) is not independent. Since Cg^"* is red. 



10 



G2{x) D K3 + Q'^' which contradicts Corollary EUc) . So, and are 

proved. Using (|4.11l) and (|4.12|) we shall prove that 

Ni{x) n V{C^"^), i = 2,3, is independent, x G t^(cf ^). (4.13) 

Assume that (I4.13f) is wrong and let for example Ni{vi)r\V (C^'^'') is not independent 
(remind that cf' = wiW2W3W4W5)- Then by (ICTTi A^2(wi) 3 V"(cf^). If iV2(w2) n 
V{C^ ) is not independent then vi and V2 together with two adjacent vertices from 
N2{v2)r\V{C^ ) form a red 4-chque, which is a contradiction. Therefore, Ni{v2) fl 
F(cf ^) is not independent. Thus (jlT^ gives A^2(w2) 3 V(cf^). Repeating the 
above considerations about the vertex vi on V2 we obtain N2{v3) D X^(Q 0- In 
the same way it follows from N2{v3) D F(cf ^) that A^2(w4) D l^(cf ^). At the end 
it follows from A^2(w4) 3 F(cf ^) that iV2(w5) 3 V"(Cf So, we proved that 

N2{vi) n N2{V5) D l^(Cf^ 

Thus, it follows from H4.3|l that vi and W5 together with an edge of Cg'^'' form a 
red 4-clique, which is a contradiction. This contradiction proves ()4.13|) . According 
to (jn^ it follows from and (jO^ that 

iV2(x) T^nC^f ), « = 2,3, xeVici'^). (4.14) 

Let X e F(cf ^) U F(cf ^). By (BTTH |iVi(x) n V"(cf ')| < 2. Thus, we have the 
following possibilities: 

Case 1. Ni{x) H V = for some vertex x £ V{cP) U V^(cf' ). Let for 
example iVi(wi) n V{C^^^) — (remind that Cg^^ = W1W2U3M4U5). Then A^2(iti) 3 
F(C|^^). We have from (|¥TI7|) that A'^2(m2) n 1^(C^^^) is not independent. Thus 
ui and U2 together with two adjacent vertices from N2(u2) H V{c'"rp) form a red 
4-clique, which is a contradiction. 

Case 2. \Ni{x) n F(C^^^)| = 1 for some vertex x e V^(Cf ^) U F(Cf ^). Let for 
example |A^i(ui) n V{c!^^'')\ = 1. Without loss of generality we can consider that 
[ui,vi] £ El and £ E2, i = 2,3,4,5. According to (|4.14() we can assume 

that £ Ei. Since there are no blue 3-cliques, £ i?2. It follows 

from H4.1(J|I that N2{wi) n ^(Cg^-') contains two adjacent vertices. As 

N2iwi) nV{ci,'^) C N2{ui) nViCi,^^) = {v2,V3,Vi,V5} 

we see that ui and wi together with two adjacent vertices in {v2, V3, W4, U5} form a 
red 4-clique, which is a contradiction. 

Case 3. \Ni{x) n V{C^p)\ = 2 for every x £ F(cf ^) U V"(cf ^). According 
to (|4.8|l iVi(Mi) n F(Cg^-') is not independent. Thus, we can assume that wi,'W2 £ 
Ni{ui)nV{cf), i.e. 

[ui, wi], [wi, W2] £ -El. (4.15) 
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It follows from (j^^ 

7Vi(wi)niVi(w2)nv^(cf^) = 0. (4.16) 

In the considered case we have 

mw,) n ^(cW)| = liViK) n i^(c«)| = \miu,) n ^(c«)| = 2. 

We obtain from H4.16|l 

iVi(ui) n Niiwi) n V'CC^^^) ^ or Ni{ui) n iVi(w2) n f(c^^^) 7^ 0. 

By (|4.15|l there is a blue 3-clique, which is a contradiction. 
Main Theorem is proved. 

5 Example of Folkman edge (3, 5)-graph without 
13-cliques 

Using the Main Theorem we shall prove the following 

Theorem 5.1. Let G^Ka + C^^^ + cf ^ + ^ + d^'^ where 
are copies of the 5- cycle C5. Then G — > (3, 5). 

In order to prove Theorem 15 . II we shall need the following 

Lemma 5.1. Let E{G) = Ei IJE2 is a (3, 5)-/ree blue-red coloring of E{G). Then: 

(a) Gi{v), V G V{G), is a red subgraph; 

(b) {E{G2{v))r\Ei)U{E{G2{v))r\E2) is a (3,4)-/ree blue-red coloring oJE{G2{v)), 
V e V{G). Thus, G2{v) -h (3,4). 

Lemma Is. II is proved in the same way as Lemma |2. II 

Corollary 5.1. Let E{G) ~ Ei LI E2 be a (3, 5)-/ree blue-red coloring of E{G). 
Then: 

(a) d{Gi{v))<4,vGV{G); 

(b) cl{G2{v))<8,veV{G); 

(C) 75 7^4 + ^5 +C5; 

(d) G2{v)^Ki+C5+C5+C5. 

Proof. The statement (a) follows from Lemma IS.lf a). The statement (b) fol- 
lows from Lemma IS.lf b) and Kg (3,4), [J. The statement (c) follows from 
Lemma IS.lf b') and K4 + C5 + C5 (3,4), [5]. The statement (d) follows from 
Lemma rs.lf b') and Main Theorem. □ 
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Proof of Theorem \5.1\ Assume the opposite, i.e. there exists a blue-red coloring 
E{G) = i?i U £^2, which is (3, 5)-free. Let V{Ki) = {oi, 02, 03, 04}. 

Case 1. There exists G V{K4) such that |iVi(ai) n V{K4)\ = 3. Let for 
example [01,02], [01,03], [01,04] G Ei. By Corollary 15. If a) at most one ol the sets 
A^i(ai) n ^(Cg*''), i = 1,2,3,4, is not empty, i.e. A''2(oi) contains at least three of 
the cycles C''^\ i — 1,2, 3, 4. Let for example 

A^2(ai) 3 V{CP) U ') U ViC^"^). 

By CoroUarvinTa) it follows that iVi(ai)nF(cf ^) is independent. Thus, iV2(ai)n 
1/(C|^^) ^ 0. We obtained that 6*2(01 ) D i-Ti + cf ^ + ^ + C^''\ which contradicts 
Corollary EUd). 

Case 2. There exists G ^(^^4) such that |7Vi(aj) n V^(-ftr4)| = 2. Let for 
example [01,02], [01,03] G Ei and [01,04] G £'2- Since [01,04] G E2 if the sets 
-^2(01) n ^(Cj*^), i = 1,2,3,4, are not independent then 6*2(01) D Kq, which 
contradicts CoroUarv lS.lf b). Hence, at least one of the sets iVi(ai) D V(C^^^), i = 
1, 2, 3, 4, is not independent. Let for example iVi(ai) fl V{C^'^'') is not independent. 
According to CoroUarv lS.ir a) it follows from this fact and [oi, 02], [oi, 03] G Ei that 
iVi(ai)nF(C^*^)0, i = 2,3,4, i.e. ^¥2(01) D V^(C^'^), i = 2,3,4. As [01,04] G E2 we 
have 6*2(01) D Ki+ C*f ^ + C*f ^ + C^'*\ which contradicts Corollary ICTdl. 

Case 3. There exist o^ G V{K4) such that \Ni{ai)riV{K4)\ = 1. Let for example 
[01,02] G El and [01,03], [01,04] G £'2- We see from Corollary 15. If a) that at least 
three of the sets N2{ai)r\V {C'^^ ) , i — 1,2, 3, 4, are not independent. Let for example 
iV2(ai) n F(C*f ^), A^2(ai) n Vic'i^) and iV2(ai) n T/(C*f ^) are not independent. 
Since [oi, 03], [oi, 04] G E2 it follows from Corollary Ofb) that A^i(oi) D T/(cf ^). 
According to Lemma IS.lf a) it follows from this fact and [01,02] G Ei that at 
least two of the sets A^i(oi) n V{C'"^^), i — 2,3,4, are empty. Therefore, we can 
assume that N2iai) D F(cf ') and iV2(ai) D V^(C*^'*')- Since iV2(ai) n ^(C*^ ^) 
is not independent we have 6*2(01) D K4 + V{C^^^) + ^^(6*5'*''), which contradicts 
Corollarv lS.lf c). 

Case 4- E{K4) C £2. Since [01,0^] G E2, i — 2,3,4, it follows from Corol- 
lary [^J^b) that at least two of the sets A^i(oi) n V{C^^^), i — 1,2,3,4, are not 
independent. Let for example Ni{ai) nV (ci^^'' ) and A^i(oi) n ^(6*5'^^) are not inde- 
pendent. Then by CoroUarvlCTal iVi(ai) nF(6*f ^) = and A^i(oi)n\/(6*f ^) = 0, 

iV2(ai)Dncf )uncf ). (5.1) 
Since [01,0^] G E2, i — 2,3,4, it follows from H5.1|) and Corollary (OJc) that 
iV2(ai) n F(6*^^^) = and A^2(ai) n F(6*f ') = 0. That is why, we have from JCTl 

iVi(ai) = T/(C«)uncf ). (5.2) 
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As the vertices ai, 02, 0.3, 04 are equivalent in this case the above considerations 
prove that 

7Vi(aO, i = 1,2,3,4, is a union of two of the cycles \ C^^\ cf\ (5.3) 
Lemma FS-lf a) and (|5.2() imply 

C^i) + C^^^ is a red subgraph. (5.4) 
Since there are no red 5-cliques we see from ()5.4|) that 

7Vi(a,) n F(cf ^) ^ or N,{a,) D l^(cf ^) ^0, i = 2, 3,4. 
Thus, by 1)5. 3|l we have that 

Ni{a,)DV{C^'^) or Ni{a,)DV{cP), z = 2,3,4. (5.5) 
Hence, we can assume that 

iVi(a2) 3 ViC^^^) and Niia^) 3 V^(cf ^). (5.6) 

Let Ci,^^ — V1V2V3V4V5. By 1)5. 5|l we have the following possibilities: 
Subcase 4a. Ni{ai) D V"(cf ^). According to igSl) [ui,a,] e Ei, i = 1,2,3,4. 
Hence, by Corollary OJa) A^i(ui) n V{C^'^) = 9, i = 2,3,4, i.e. G2(wi) D ^ + 
(^(3) _^ (^_(4)_ j^^^ ^ ^j^^g^ D iiTi + cP + Cf ^ + C^''\ which 

contradicts Corollary |OJd). 

Subcase 4h. Ni{a4,) n T/(C^^^) = 0, i.e. iV2(a4) 3 V"(cf ^). We have from (lOl 
and H5.6|) that [wi,ai] e £'1, i = 1,2,3, and [^1,04] G i?2. By CoroUarv lS.lf a') at 
least two of the sets Ni{vi) n ^(Cg*''), i = 2, 3, 4, are empty. Thus, we can assume 
that 

GMDC^'^+d.'l (5.7) 

It follows from CoroUarv 15. If a) that Ni{vi) fl V{C^'^^) is independent. Hence, 

(2) 

N2{vi) n V{Ci^ ) is not independent. This fact together with [ui,W2], bi,a4] G E2 
and gives G2(wi) D i^4 + c|^^ + c|^\ which contradicts Corollary EUc) . This 
contradiction finishes the proof of Theorem 15. II □ 

Since c\{G) = 12 and V{G)\ = 24 Theorem lOimphes 

Corollary 5.2. F(3,5; 13) < 24. 

Lin proved in j2| that F(3,5;13) > 18. In [HI Nenov improved this result proving 
that either Ks + C5 + C5 ^ (3, 5) or F(3, 5; 13) > 19. 
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